Counting nilpotent endomorphisms  by Crabb, M.C.
Finite Fields and Their Applications 12 (2006) 151–154
http://www.elsevier.com/locate/ffa
Research note
Counting nilpotent endomorphisms
M.C. Crabb
Department of Mathematical Sciences, University of Aberdeen, Aberdeen, AB24 3UE, UK
Received 9 December 2003; revised 21 February 2005
Available online 3 May 2005
Abstract
A variant of Prüfer’s classical proof of Cayley’s theorem on the enumeration of labelled trees
counts the nilpotent self-maps of a pointed ﬁnite set. Essentially, the same argument can be
used to establish the result of Fine and Herstein [Illinois J. Math. 2 (1958) 499–504] that the
number of nilpotent n × n matrices over the ﬁnite ﬁeld Fq is qn(n−1).
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1. Introduction
Let Y be a non-empty ﬁnite set with n elements and let Y+ be the disjoint union Yunionsq{0}
obtained by adjoining a basepoint 0. A map f : Y+ → Y+ such that f (0) = 0 will be
called nilpotent if f k is constant for some k1. There is a natural 1–1 correspondence
between trees with vertex set Y+ and nilpotent maps Y+ → Y+: the tree corresponding
to f has the n edges {y, f (y)} for y ∈ Y . The argument given by Prüfer to establish
Cayley’s tree theorem counts the number of nilpotent self-maps of Y+ as follows.
Proposition 1.1. Let Y be a non-empty ﬁnite set with n elements. A choice of a total
ordering for the set Y determines a bijection from the set of nilpotent maps Y+ → Y+ to
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the (n−1)-fold product (Y+)n−1. In particular, there are (n+1)n−1 nilpotent self-maps
of Y+.
In this note, we point out a parallel proof of the analogous result on nilpotent
endomorphisms of a ﬁnite-dimensional vector space.
Proposition 1.2. Let V be a non-zero vector space of ﬁnite dimension n over a ﬁeld K.
A choice of a basis for V determines a bijection from the set of nilpotent endomorphisms
V → V to the (n − 1)-fold product V n−1. In particular, if K is a ﬁnite ﬁeld with q
elements, then there are qn(n−1) nilpotent elements in the ring Mn(K) of n×n matrices
over K.
The calculation of the number of nilpotent matrices over a ﬁnite ﬁeld is a theorem of
Fine and Herstein [3] from 1958. For related results, see [1,5,7,8]. The original proof,
described in (3.2) below, was ring-theoretic and computational. In the formulation (1.2),
which will be proved here by elementary linear algebra, the counting is transparent.
The version (1.1) of Cayley’s theorem, appearing in the work of Foata and Fuchs [4],
can be viewed as the corresponding result for a “vector space over the ﬁeld F1 with
one element”. (See [9] for a recent discussion of “F1”.) Granted the identiﬁcation of
the nilpotent maps with the trees on the vertex set Y+, the classical Prüfer code (for
which [2] VIII.4 is a textbook reference) supplies a bijection to (Y+)n−1.
In Section 2 we recall Prüfer’s argument, in a slightly modiﬁed form, to estab-
lish (1.1) and provide the pattern for the parallel proof of (1.2), which is given in
Section 3.
2. Nilpotent self-maps
Proof of 1.1. Let f be a nilpotent self-map of Y+. Write Yi = Y ∩ f i(Y+) for i0,
and let r be the smallest integer such that Yr = ∅. We have a strictly decreasing
sequence:
Y = Y0 ⊃ Y1 ⊃ · · · ⊃ Yr = ∅
of subsets of Y. Put ni = #Yi and mi = ni−1 −ni . Now list the m1 elements of Y0 −Y1
in increasing order, followed by the m2 elements of Y1 − Y2 in increasing order, and
so on, until ﬁnally the mr elements of Yr−1 − Yr are listed in increasing order, as
y1, . . . , yn. We associate with f the (n − 1)-tuple (f (y1), . . . , f (yn−1)) ∈ (Y+)n−1,
noting that f (yn) = 0.
It is straightforward to check, as in Prüfer’s proof, that this construction deﬁnes a
bijection from the set of nilpotent self-maps of Y+ to (Y+)n−1. 
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3. Nilpotent endomorphisms
Let K be a ﬁeld. For a ﬁnite-dimensional K-vector space the term basis will be
used to mean an ordered list of vectors, rather than a set of vectors. Thus a basis of
an n-dimensional vector space V determines an isomorphism Kn → V . The following
construction is standard from the theory of Schubert cells in Grassmann varieties (or,
indeed, from the reduction of a matrix to echelon form in elementary Linear Algebra);
see, for example, [6]. Let U be an m-dimensional subspace of an n-dimensional K-
vector space V. Suppose that w1, . . . , wn is a basis of V. Write I = {1, . . . , n}. Let
Wj , for j = 0, 1, . . . , n, be the (n − j)-dimensional subspace of V generated by wi
(j < in). Write J = {j | U ∩ Wj−1 = U ∩ Wj }. For j ∈ J , let uj be the unique
vector in U ∩ Wj−1 such that uj − wj lies in the subspace of Wj spanned by the
vectors wi with i > j and i /∈ J . List the elements of I − J and J in increasing order
as i1 < i2 < · · · < in−m and j1 < j2 < · · · < jm. Then wi1 , . . . , win−m, uj1 , . . . , ujm
is another basis of V, canonically deﬁned by the given basis and the subspace U, with
the property that the last m vectors form a basis of U. We might say that the new basis
of V has been obtained by adapting the given basis to the subspace U.
Proof of 1.2. Let f : V → V be a nilpotent endomorphism. Write Vi = f i(V ) for i0
and let r be the smallest integer such that Vr = 0. Then we have a strictly decreasing
sequence
V = V0 ⊃ V1 ⊃ · · · ⊃ Vr = 0
of subspaces of V. Let ni = dim Vi and mi = ni−1 − ni . By adapting the given basis
of V as described above to the subspace V1 we obtain a new basis of V in which the
ﬁrst m1 vectors y1, . . . , ym1 span a complementary subspace of V1 in V and the last
n1 form a basis of V1. This new basis of V may then be adapted to the subspace V2
and so on, step by step. After r − 1 steps we have constructed a basis y1, . . . , yn for
V such that yn−ni+1, . . . , yn is a basis for Vi . We associate with f the (n − 1)-tuple
(f (y1), . . . , f (yn−1)) ∈ V n−1.
Again it is straightforward to check that this construction deﬁnes a bijection between
the set of nilpotent endomorphisms and V n−1. Given (x1, . . . , xn−1) ∈ V n−1, we may
deﬁne V1 to be the n1-dimensional subspace of V spanned by the vectors x1, . . . , xn−1.
Put m1 = n−n1. Then V2 is the n2-dimensional subspace spanned by xm1+1, . . . , xn−1,
and so on. The given basis of V is adapted to the subspaces V1, V2, . . . in turn to
produce a new basis y1, . . . , yn and f is deﬁned by f (yi) = xi for i < n and
f (yn) = 0. 
Remark 3.1. The proof contains more information than is evident from the statement
of (1.2). For example, we obtain a bijection from the set of nilpotent endomorphisms of
rank l, where 0 l < n, to the set of (n−1)-tuples (x1, . . . , xn−1) ∈ V n−1 spanning an
l-dimensional subspace (or, equivalently, the linear maps Kn−1 → V of rank l). In par-
ticular, the number of nilpotent matrices of rank l in Mn(Fq) is
(
n
l
)
q
∏l
j=1 q(n − 1, l),
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where
(
n
l
)
q
is the number of l-dimensional subspaces of Fnq and the ad hoc notation
q(k, l) =
l∏
j=1
(qk − qj−1) =
(
k
l
)
q
l∏
j=1
(ql − qj−1) (0 if k < l)
is used for the number of surjective linear maps Fkq → Flq .
Remark 3.2. Given a sequence of integers n = n0 > n1 > · · · > nr = 0 one can,
when K = Fq , count by the same method the nilpotent endomorphisms f for which
dim f i(V ) = ni (i = 1, . . . , r) as
r−1∏
i=1
((
ni−1
ni
)
q
qmini+1q(mi,mi+1)
)
(where mi = ni−1 − ni).
In [3] (and [8]) this calculation was made using the structure theory of ﬁnitely gen-
erated torsion modules over the formal power series ring K[[T ]]. The sequences
m1m2 · · · mr > 0 with m1 + · · · + mr = n parameterize the orbits of the action
of the general linear group of V on the space of all nilpotent endomorphisms, and the
total number of nilpotent maps was computed in [3] as qn(n−1) by summing over these
sequences (mi).
References
[1] D. Bollman, H. Ramírez, On the number of nilpotent matrices over Zm, J. Reine Angew. Math.
238 (1969) 85–88.
[2] B. Bollobás, Modern Graph Theory, Springer, New York, 1998.
[3] N.J. Fine, I.N. Herstein, The probability that a matrix be nilpotent, Illinois J. Math. 2 (1958)
499–504.
[4] D. Foata, A. Fuchs, Réarrangements de fonctions at dénombrement, J. Combin. Theory 8 (1970)
361–375.
[5] M. Gerstenhaber, On the number of nilpotent matrices with coefﬁcients in a ﬁnite ﬁeld, Illinois J.
Math. 5 (1961) 330–333.
[6] P. Grifﬁths, J. Harris, Principles of Algebraic Geometry, Wiley, New York, 1978.
[7] J.H. Hodges, Scalar polynomials for matrices over a ﬁnite ﬁeld, Duke Math. J. 25 (1958) 291–296.
[8] I. Reiner, On the number of matrices with given characteristic polynomial, Illinois J. Math. 5 (1961)
324–329.
[9] C. Soulé, Les variétés sur le corps à un élément, Moscow Math. J. 4 (2004) 217–244.
